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a b s t r a c t
Concern about environmental protection has increased over the years from a global viewpoint. To date,
the prevalence of adsorption separation in the environmental chemistry remains an aesthetic attention
and consideration abroad the nations, owning to its low initial cost, simplicity of design, ease of operation, insensitivity to toxic substances and complete removal of pollutants even from dilute solutions.
With the renaissance of isotherms modeling, there has been a steadily growing interest in this research
ﬁeld. Conﬁrming the assertion, this paper presents a state of art review of adsorption isotherms modeling, its fundamental characteristics and mathematical derivations. Moreover, the key advance of the
error functions, its utilization principles together with the comparisons of linearized and non-linearized
isotherm models have been highlighted and discussed. Conclusively, the expanding of the nonlinear
isotherms represents a potentially viable and powerful tool, leading to the superior improvement in the
area of adsorption science.
© 2009 Elsevier B.V. All rights reserved.

1. Introduction
Over the past several decades, the exponential population
and social civilization expansion, change afﬂuent lifestyles and
resources use, and continuing progress of the industrial and technologies has been accompanied by a sharp modernization and
metropolitan growth [1]. With the rising awareness of the occurrences of industrial activities which has intensiﬁed numerous
deteriorations on several ecosystems and seriously threatens the
human health and environment, the enforcement of stringent rules
and regulations concerning the emission of contaminants from
industrial waste streams by various regulatory agencies has been
promulgated [2].
Simultaneously, a developing research by the invention
of a wide range of treatment technologies (precipitation,
coagulation–ﬂocculation, sedimentation, ﬂotation, ﬁltration, membrane processes, electrochemical techniques, biological process,
chemical reactions, adsorption and ion exchange) with varying levels of successes has accelerated a dramatic progress in the scientiﬁc
community [3–13]. Of major interest, adsorption process, a surface phenomenon by which a multi-component ﬂuid (gas or liquid)
mixture is attracted to the surface of a solid adsorbent and forms
attachments via physical or chemical bonds, is recognized as the
most efﬁcient, promising and widely used fundamental approach in
wastewater treatment processes [14], mainly hinges on its simplic-
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ity, economically viable, technically feasible and socially acceptable
[15].
A notable trend in the development of activated carbon (AC),
an adsorbent with its large porous surface area, controllable pore
structure, thermo-stability and low acid/base reactivity has been
witnesses [16], in terms its versatility for removal of a broad
type of organic and inorganic pollutants dissolved in aqueous
media, even from gaseous environment [17]. Despite its proliﬁc
use in adsorption processes, the biggest barrier of its application
by the industries is the cost-prohibitive adsorbent and difﬁculties associated with regeneration [18]. Realizing the complication,
a growing exploitation to evaluate the feasibility and suitability
of natural, renewable and low-cost materials (bamboo dust, peat,
chitosan, lignite, fungi, moss, bark husk, chitin, coir pith, maize
cob, pinewood sawdust, rice husk, sugar cane bagasse, tea leaves,
and sago waste) as alternative adsorbents in water pollution control, remediation and decontamination processes has been exerted
[19,20].
In the endeavor to explore novel adsorbents in accessing an ideal
adsorption system, it is essential to establish the most appropriate adsorption equilibrium correlation [21], which is indispensable
for reliable prediction of adsorption parameters and quantitative
comparison of adsorbent behavior for different adsorbent systems
(or for varied experimental conditions) [22,23]. In the perspective, equilibrium relationships, generally known as adsorption
isotherms, describe how pollutants interact with the adsorbent
materials, and thus are critical for optimization of the adsorption
mechanism pathways, expression of the surface properties and
capacities of adsorbents, and effective design of the adsorption
systems [24,25].
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Khan isotherm model exponent
Redlich–Peterson isotherm constant (1/mg)
Radke–Prausnitz isotherm model constant
Sips isotherm model constant (L/mg)
Toth isotherm constant (L/mg)
Koble–Corrigan isotherm constant (Ln mg1−n /g)
Tempkin isotherm equilibrium binding constant
(L/g)
Langmuir isotherm constant (dm3 /mg)
Khan isotherm model constant
Tempkin isotherm constant
Koble–Corrigan isotherm constant (L/mg)n
Dubinin–Radushkevich isotherm constant
equilibrium concentration (mg/L)
adsorbate initial concentration (mg/L)
adsorbate monolayer saturation concentration
(mg/L)
BET adsorption isotherm relating to the energy of
surface interaction (L/mg)
Interlayer spacing (m)
Dubinin–Radushkevich isotherm constant
mean free energy (kJ/mol)
Redlich–
Peterson isotherm exponent
Gibbs energy change (kJ/mol)
MacMillan–Teller (MET) isotherm constant
Dubinin–Radushkevich
isotherm
constant
(mol2 /kJ2 )
Hill constant
Freundlich isotherm constant (mg/g) (dm3 /g)n
related to adsorption capacity
Flory–Huggins isotherm equilibrium constant (L/g)
Langmuir isotherm constant (L/mg)
Redlich–Peterson isotherm constant (L/g)
Sips isotherm model constant (L/g)
Toth isotherm constant (mg/g)
adsorption intensity
Flory–Huggins isotherm model exponent
Hill cooperativity coefﬁcient of the binding interaction
number of parameter
amount of adsorbate in the adsorbent at equilibrium
(mg/g)
calculated adsorbate concentration at equilibrium
(mg/g)
measured adsorbate concentration at equilibrium
(mg/g)
theoretical isotherm saturation capacity (mg/g)
Hill isotherm maximum uptake saturation (mg/L)
maximum monolayer coverage capacities (mg/g)
inverse power of distance from the surface
Radke–Prausnitz isotherm model constant
universal gas constant (8.314 J/mol K)
correlation coefﬁcient
separation factor
Toth isotherm constant
temperature (K)
degree of surface coverage
Frenkel–Halsey–Hill isotherm constant (J mr /mole)
with r is the sign of inverse power of distance from
the surface
Radke–Prausnitz isotherm model exponent
Sips isotherm model exponent
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Meanwhile, linear least-squares method is a traditional linearly
transformed approach widely adopted to determine the isotherm
parameters or the most ﬁtted model, primarily subjected to its
goodness ﬁt to the experimental data, with the magnitude regression correlation coefﬁcients that close to unity [26]. Nevertheless, a
substantial constriction related to the linearized isotherm expressions has recently been pointed out, which produce a vast amount
of different outcomes, implicitly alter the error structure, violate
the error variance and normality assumptions of standard least
squares, leading to the bias of the adsorption data [27,28]. Depending on the way the adsorptive equation is linearized, the error
distribution changes worse. This has attested the utilization of nonlinearized models in conjunction with a number of error analysis
techniques [29–31]. With the aforementioned, this bibliographic
review attempts to postulate a platform in describing the distinct
properties, development and potential applications of adsorption
isotherm systems. The present work is aimed at evaluating their
accuracy and consistency in parameters prediction or estimation.
The extent of the error functions together with its comprehensive literature comparisons has been highlighted and outlined, to
familiarize the knowledge deﬁciencies regarding non-linearized
adsorption isotherms.
2. Adsorption isotherms models
In general, an adsorption isotherm is an invaluable curve
describing the phenomenon governing the retention (or release)
or mobility of a substance from the aqueous porous media or
aquatic environments to a solid-phase at a constant temperature
and pH [32,33]. Adsorption equilibrium (the ratio between the
adsorbed amount with the remaining in the solution) is established
when an adsorbate containing phase has been contacted with the
adsorbent for sufﬁcient time, with its adsorbate concentration in
the bulk solution is in a dynamic balance with the interface concentration [30,34]. Typically, the mathematical correlation, which
constitutes an important role towards the modeling analysis, operational design and applicable practice of the adsorption systems, is
usually depicted by graphically expressing the solid-phase against
its residual concentration [35].
Its physicochemical parameters together with the underlying
thermodynamic assumptions provide an insight into the adsorption mechanism, surface properties as well as the degree of afﬁnity
of the adsorbents [36].
Over the years, a wide variety of equilibrium isotherm models (Langmuir, Freundlich, Brunauer–Emmett–Teller, Redlich–
Peterson, Dubinin–Radushkevich, Temkin, Toth, Koble–Corrigan,
Sips, Khan, Hill, Flory–Huggins and Radke–Prausnitz isotherm),
have been formulated in terms of three fundamental approaches
[37]. Kinetic consideration is the ﬁrst approach to be referred.
Hereby, adsorption equilibrium is deﬁned being a state of dynamic
equilibrium, with both adsorption and desorption rates are equal
[38]. Whereas, thermodynamics, being a base of the second
approach, can provide a framework of deriving numerous forms
of adsorption isotherm models [39,40], and potential theory, as the
third approach, usually conveys the main idea in the generation
of characteristic curve [41]. However, an interesting trend in the
isotherm modeling is the derivation in more than one approach,
thus directing to the difference in the physical interpretation of the
model parameters [42].
2.1. Two parameter isotherms
2.1.1. Langmuir isotherm model
Langmuir adsorption isotherm, originally developed to describe
gas–solid-phase adsorption onto activated carbon, has traditionally
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been used to quantify and contrast the performance of different
bio-sorbents [38]. In its formulation, this empirical model assumes
monolayer adsorption (the adsorbed layer is one molecule in thickness), with adsorption can only occur at a ﬁnite (ﬁxed) number
of deﬁnite localized sites, that are identical and equivalent, with
no lateral interaction and steric hindrance between the adsorbed
molecules, even on adjacent sites [43]. In its derivation, Langmuir
isotherm refers to homogeneous adsorption, which each molecule
possess constant enthalpies and sorption activation energy (all sites
possess equal afﬁnity for the adsorbate) [44], with no transmigration of the adsorbate in the plane of the surface [45].
Graphically, it is characterized by a plateau, an equilibrium saturation point where once a molecule occupies a site, no further
adsorption can take place [33,46]. Moreover, Langmuir theory has
related rapid decrease of the intermolecular attractive forces to the
rise of distance. The mathematical expression of Langmuir isotherm
models are illustrated in Table 1. Hereby, a dimensionless constant,
commonly known as separation factor (RL ) deﬁned by Webber and
Chakkravorti [47] can be represented as:
RL =

1
1 + KL Co

(1)

where KL (L/mg) refers to the Langmuir constant and Co is denoted
to the adsorbate initial concentration (mg/L). In this context, lower
RL value reﬂects that adsorption is more favourable. In a deeper
explanation, RL value indicates the adsorption nature to be either
unfavourable (RL > 1), linear (RL = 1), favourable (0 < RL < 1) or irreversible (RL = 0).
2.1.2. Freundlich isotherm model
Freundlich isotherm [48] is the earliest known relationship
describing the non-ideal and reversible adsorption, not restricted to
the formation of monolayer. This empirical model can be applied to
multilayer adsorption, with non-uniform distribution of adsorption
heat and afﬁnities over the heterogeneous surface [49]. Historically,
it is developed for the adsorption of animal charcoal, demonstrating that the ratio of the adsorbate onto a given mass of adsorbent to
the solute was not a constant at different solution concentrations
[19]. In this perspective, the amount adsorbed is the summation of
adsorption on all sites (each having bond energy), with the stronger
binding sites are occupied ﬁrst, until adsorption energy are exponentially decreased upon the completion of adsorption process
[50].
At present, Freundlich isotherm is widely applied in heterogeneous systems especially for organic compounds or highly
interactive species on activated carbon and molecular sieves. The
slope ranges between 0 and 1 is a measure of adsorption intensity or surface heterogeneity, becoming more heterogeneous as its
value gets closer to zero. Whereas, a value below unity implies
chemisorptions process where 1/n above one is an indicative of
cooperative adsorption [51]. Its linearized and non-linearized equations are listed in Table 1. Recently, Freundlich isotherm is criticized
for its limitation of lacking a fundamental thermodynamic basis,
not approaching the Henry’s law at vanishing concentrations [23].
2.1.3. Dubinin–Radushkevich isotherm model
Dubinin–Radushkevich isotherm [52], is an empirical model
initially conceived for the adsorption of subcritical vapors onto
micropore solids following a pore ﬁlling mechanism. It is generally
applied to express the adsorption mechanism [53] with a Gaussian energy distribution onto a heterogeneous surface [54]. The
model has often successfully ﬁtted high solute activities and the
intermediate range of concentrations data well, but has unsatisfactory asymptotic properties and does not predict the Henry’s law
at low pressure [55]. The approach was usually applied to distinguish the physical and chemical adsorption of metal ions [41], with

its mean free energy, E per molecule of adsorbate (for removing a
molecule from its location in the sorption space to the inﬁnity) can
be computed by the relationship [56]:



E=





1

(2)

2BDR

where BDR is denoted as the isotherm constant. Meanwhile, the
parameter ε can be correlated as:



ε = RT ln 1 +

1
Ce



(3)

where R, T and Ce represent the gas constant (8.314 J/mol K),
absolute temperature (K) and adsorbate equilibrium concentration (mg/L), respectively. One of the unique features of the
Dubinin–Radushkevich isotherm model lies on the fact that it is
temperature-dependent, which when adsorption data at different
temperatures are plotted as a function of logarithm of amount
adsorbed vs the square of potential energy, all suitable data will
lie on the same curve, named as the characteristic curve.
2.1.4. Temkin isotherm model
Temkin isotherm is the early model describing the adsorption
of hydrogen onto platinum electrodes within the acidic solutions. The isotherm [57] contains a factor that explicitly taking
into the account of adsorbent–adsorbate interactions. By ignoring
the extremely low and large value of concentrations, the model
assumes that heat of adsorption (function of temperature) of all
molecules in the layer would decrease linearly rather than logarithmic with coverage [58]. As implied in the equation, its derivation
is characterized by a uniform distribution of binding energies (up
to some maximum binding energy). Temkin equation is excellent for predicting the gas phase equilibrium (when organization
in a tightly packed structure with identical orientation is not
necessary), conversely complex adsorption systems including the
liquid-phase adsorption isotherms are usually not appropriate to
be represented [59].
2.1.5. Flory–Huggins isotherm model
Flory–Huggins isotherm model [60], which occasionally deriving the degree of surface coverage characteristics of adsorbate onto
adsorbent, can express the feasibility and spontaneous nature of
an adsorption process. In this respect,  is the degree of surface
coverage, where KFH and nFH are the indication of its equilibrium
constant and model exponent. Its equilibrium constant, KFH that
used for the calculation of spontaneity free Gibbs energy, is related
to the equation [43]:
G◦ = −RT ln (KFH )

(4)

2.1.6. Hill isotherm model
Hill equation [61], that originated from the NICA [62] model,
was postulated to describe the binding of different species onto
homogeneous substrates. The model assumes that adsorption is a
cooperative phenomenon, with the ligand binding ability at one
site on the macromolecule, may inﬂuence different binding sites
on the same macromolecule [63].
2.2. Three parameter isotherms
2.2.1. Redlich–Peterson isotherm model
Redlich–Peterson isotherm [64] is a hybrid isotherm featuring
both Langmuir and Freundlich isotherms, which incorporate three
parameters into an empirical equation [65]. The model has a linear
dependence on concentration in the numerator and an exponential
function in the denominator [66] to represent adsorption equilibria over a wide concentration range, that can be applied either
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Table 1
Lists of adsorption isotherms models.
Isotherm

Nonlinear form

Langmuir

Qo bCe
1+bCe

qe =

Linear form
Ce
qe

=

1
bQo

1
qe

=

1
Qo

qe
Ce
1/n

vs Ce

1
bQo Ce

1
qe

vs

qe
bCe

qe = Qo −

qe
Ce
1
n

Freundlich

qe = KF Ce

log qe = log KF +

Dubinin–Radushkevich

qe = (qs ) exp(−kad ε2 )

ln (qe ) = ln (qs ) − kad ε2

RT
bT

Flory–Huggins


Co

Hill

qe =

Redlich–Peterson

qe =

Sips

qe =

Toth

qe =

Koble–Corrigan

qe =

Khan

qe =

qs bK Ce
(1+bK Ce )aK

Radke–Prausnitz

qe =

aRP rR CeˇR
aRP +rR CeˇR −1

BET

qe =

qs CBET Ce
(Cs −Ce )[1+(CBET −1)(Ce /Cs )]

Ce
qe (Cs −Ce )

FHH
MET

ln

qe =

RT
bT

qe =

ln AT Ce

= KFH (1 − )

nFH

qsH CenH

log

KD +CenH
KR Ce

Ks CeˇS

1+aS CeˇS
KT Ce

ACen

qe = qs

 qs r
˛

= − RT

k
ln(Cs /Ce )

qe d

1/3

 RT 
bT

ln Ce

= log (KFH ) + nFH log (1 − )

qe
qsH −qe



= nH log (Ce ) − log (KD )



vs qe

log qe vs log Ce

[48]

In(qe ) vs ε2

[52]

qe vs ln Ce

[57]

log
log






Co

vs log(1 − )

qe
qsH −qe



ˇS ln(Ce ) = − ln

ln

 Ks 

ln

 qe 

 qe 
KT

=

1
ACen

 Ks 
qe

= ln(Ce ) −
+

1
t

+ ln(aS )

ln(aT + Ce )

B
A

qe

KT

[60]

vs log(Ce )

[61]

vs ln(Ce )

[64]



ln KR Cqee − 1

1
qe

1+BCen





Co

qe
bCe

ln KR Cqee − 1 = g ln(Ce ) + ln(aR )

ln

(aT +Ce )1/t

Cs





g

1+aR Ce

 Ce 

log

ln AT +

log Ce

[38]

1
Ce

qe vs

= bQo − bqe

Tempkin

Reference

Ce
qe

+
+

Plot
Ce
Qo

vs ln(Ce )

[68]

vs ln(Ce )

[69]

–

[70]

–

–

[71]

–

–

[43]

=

1
qs CBET

+

(CBET −1) Ce
qs CBET Cs

Ce
qe (Cs −Ce )

vs

Ce
Cs

[73]

–

–

[74]

–

–

[75]

in homogeneous or heterogeneous systems due to its versatility
[22]. Typically, a minimization procedure is adopted in solving the
equations by maximizing the correlation coefﬁcient between the
experimental data points and theoretical model predictions with
solver add-in function of the Microsoft excel [26]. In the limit, it
approaches Freundlich isotherm model at high concentration (as
the exponent ˇ tends to zero) and is in accordance with the low
concentration limit of the ideal Langmuir condition (as the ˇ values
are all close to one) [67].

energy distribution, with most of its sites has an adsorption energy
lower than the peak (maximum) or mean value [23].

2.2.2. Sips isotherm model
Sips isotherm [68] is a combined form of Langmuir and Freundlich expressions deduced for predicting the heterogeneous
adsorption systems [53] and circumventing the limitation of the rising adsorbate concentration associated with Freundlich isotherm
model. At low adsorbate concentrations, it reduces to Freundlich
isotherm; while at high concentrations, it predicts a monolayer
adsorption capacity characteristic of the Langmuir isotherm. As a
general rule, the equation parameters are governed mainly by the
operating conditions such as the alteration of pH, temperature and
concentration [45].

2.2.5. Khan isotherm model
Khan isotherm [71] is a generalized model suggested for the
pure solutions, with bK and aK are devoted to the model constant
and model exponent. At relatively high correlation coefﬁcients and
minimum ERRSQ or chi-square values, its maximum uptake values
can be well determined [72].

2.2.3. Toth isotherm model
Toth isotherm model [69], is another empirical equation developed to improve Langmuir isotherm ﬁttings (experimental data),
and useful in describing heterogeneous adsorption systems, which
satisfying both low and high-end boundary of the concentration
[43]. Its correlation presupposes an asymmetrical quasi-Gaussian

2.2.4. Koble–Corrigan isotherm model
Similar to the Sips isotherm model, Koble–Corrigan isotherm
[70] is a three-parameter equation, which incorporated both
Langmuir and Freundlich isotherm models for representing the
equilibrium adsorption data. The isotherm constants, A, B and n are
evaluated from the linear plot using a trial and error optimization.

2.2.6. Radke–Prausnitz isotherm model
The correlation of Radke–Prausnitz isotherm is usually predicted well by the high RMSE and chi-square values. Its model
exponent is represented by ˇR , where aR and rR are referred to the
model constants [43].
2.3. Multilayer physisorption isotherms
Brunauer–Emmett–Teller (BET) [73] isotherm is a theoretical
equation, most widely applied in the gas–solid equilibrium systems. It was developed to derive multilayer adsorption systems
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Table 2
Lists of error functions.
Error function

Abbreviation

Deﬁnition/expression

Reference

n

Sum squares errors

2

(qe,calc − qe,meas )i

ERRSQ/SSE

[80]

i=1
n

Hybrid fractional error function

qe,meas −qe,calc
qe,meas

100
n−p

HYBRID

[66]

i=1
n

Average relative error

i
qe,meas −qe,calc
qe,meas

100
n

ARE

i=1

i

n

Sum of absolute error

|qe,meas − qe,calc |

EABS
i=1

Marquardt’s percent standard deviation

[82]

i



1
100 n−p

MPSD

[83]

 qe,meas −qe,calc 

n

2

[84]

qe,meas
i=1

i
2

The coefﬁcient of determination

R2

r2 =

Spearman’s correlation coefﬁcient

rs

1−


Standard deviation of relative errors

sRE

Nonlinear chi-square test

2

(qe,meas −qe,calc )

2
(qe,meas −qe,calc ) +(qe,meas −qe,calc )2
n
2

6

i=1

(qe,meas −qe,calc )

i

[78]

n(n−1)2

n
i=1

[78]

2

[(qe,meas −qe,calc ) −ARE]
i

n−1

i

[78]

n
(qe,calc −qe,meas )2
qe,meas

[78]

i=1

Coefﬁcient of non-determination

K2

–

[80]

Sum of normalized errors

SNE

–

[88]

with relative pressure ranges from 0.05 to 0.30 corresponding to
a monolayer coverage lying between 0.50 and 1.50. Its extinction
model related to liquid–solid interface is exhibited as:
qe =

qs CBET Ce
(Cs − Ce )[1 + (CBET − 1)(Ce /Cs )]

(5)

where CBET , Cs , qs and qe are the BET adsorption isotherm (L/mg),
adsorbate monolayer saturation concentration (mg/L), theoretical
isotherm saturation capacity (mg/g) and equilibrium adsorption
capacity (mg/g), respectively. As CBET and CBET (Ce /Cs ) are much
greater than 1, the equation is simpliﬁed as:
qe =

qs
1 − (Ce /Cs )

(6)

Meanwhile, Frenkel–Halsey–Hill (FHH) isotherm [74], another
multilayer adsorption derivation from the potential theory may be
written as:
ln

C 
e

Cs

=−

˛
RT

 q r
s
qe d

(7)

where d, ˛ and r are the sign of the interlayer spacing (m), isotherm
constant (J mr /mole) and inverse power of distance from the surface
(about 3), respectively. Similarly, MacMillan–Teller (MET) isotherm
[75], an adsorption model interpreted from the inclusion of surface
tension effects in the BET isotherm is termed as:
qe = qs



k
ln(Cs /Ce

1/3
(8)

where k is an isotherm constant. When Cs /Ce is approaching unity,
the logarithmic term can be approximated as:
qe = qs

 kC 1/3
e
Cs − Ce

(9)

As a note, the empirical isotherm is reasonable ﬁt to
Frenkel–Halsey–Hill (FHH) or MacMillan–Teller (MET) isotherms
for relative pressures higher than 0.8 and approximately
Brunauer–Emmett–Teller (BET) isotherm for relative pressures
lower than 0.35.
3. Error functions
Within recent decades, linear regression has been one of the
most viable tool deﬁning the best-ﬁtting relationship [76] quantifying the distribution of adsorbates, mathematically analyzing the
adsorption systems [77] and verifying the consistency and theoretical assumptions of an isotherm model [78]. Due to the inherent bias
resulting from the transformation which riding towards a diverse
form of parameters estimation errors and ﬁts distortion, several
mathematically rigorous error functions (sum square error, Hybrid
fractional error function, sum of absolute errors, average relative
error, Marquardt’s percent standard deviation, coefﬁcient of determination, Spearman’s correlation coefﬁcient, standard deviation
of relative errors, nonlinear chi-square test, coefﬁcient of nondetermination and sum of normalized errors) (Table 2) have lately
drastically been addressed and confronted [79]. Concomitant with
the development of computer technology in the 1980s, the progression of the nonlinear isotherm modeling has extensively been
facilitated and motivated [78]. Contrary to the linearization models,
nonlinear regression usually involves the minimization or maximization of error distribution (between the experimental data and
the predicted isotherm) based on its convergence criteria [79].
3.1. Sum square error (ERRSQ)
Despite ERRSQ is the most widely used error function [80], at
higher end of the liquid-phase concentration ranges, the magnitude
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and squares of the errors tend to increase, illustrating a better ﬁt
for the isotherm parameters derivation [81].
3.2. Hybrid fractional error function (HYBRID)
The error function was developed to improve ERRSQ ﬁt at low
concentrations. Hereby, each ERRSQ value is divided by the experimental solid-phase concentration with a divisor included in the
system as a term for the number of degrees of freedom (the number
of data points minus the number of parameters within the isotherm
equation) [66].
3.3. Average relative error (ARE)
ARE model [82] which indicates a tendency to under or
overestimate the experimental data, attempts to minimize the fractional error distribution across the entire studied concentration
range.
3.4. Sum of absolute errors (EABS)
The approach is similar to the ERRSQ function, with an increase
in the errors will provide a better ﬁt, leading to the bias towards
the high concentration data [83].
3.5. Marquardt’s percent standard deviation (MPSD)
Marquardt’s percent standard deviation (MPSD) error function
[84] has previously practiced by a number of researchers in the
isotherm studies [26,83,85,86]. According to the number of degrees
of freedom in the system, it is similar to some respects of a modiﬁed
geometric mean error distribution [87].
3.6. Coefﬁcient of determination (R2 ), Spearman’s correlation
coefﬁcient (rs ) and standard deviation of relative errors (sRE )
Coefﬁcient of determination, which represents the percentage
of variability in the dependent variable (the variance about the
mean) is employed to analyze the ﬁtting degree of isotherm and
kinetic models with the experimental data [88]. Its value may vary
from 0 to 1 [89] where Spearman’s correlation coefﬁcient and standard deviation of relative errors are individually determined to
evaluate the global correlation and the dispersion of its relative
errors [78].
3.7. Nonlinear chi-square test (2 )
Nonlinear chi-square test is a statistical tool necessary for the
best ﬁt of an adsorption system, obtained by judging the sum
squares differences between the experimental and the calculated
data, with each squared difference is divided by its corresponding value (calculated from the models). Small 2 value indicates its
similarities while a larger number represents the variation of the
experimental data [78].
3.8. Coefﬁcient of non-determination (K2 )
Another statistical term, coefﬁcient of non-determination, is
much useful in describing the extent relationship between the
transformed experimental data and the predicted isotherms, and
minimization of the error distribution [90].
3.9. Sum of normalized errors (SNE)
Consequence of different error criteria is likely to produce different sets of isotherm parameters, a standard procedure normalizing
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and combining various errors for better and meaningful comparison between the parameter sets (for the single isotherm model)
is adopted [44,78,83,91]. The calculation orientation is revealed as
follows:
(a) Selection of an isotherm model and error function, and determination of the adjustable parameters which minimize the error
function.
(b) Determination of all other error functions by referring to the
parameter set.
(c) Computation of other parameter sets associated with their error
function values (initiation of the procedure by minimizing the
error function).
(d) Normalization and selection of the maximum parameter sets
with respect to the largest error measurement.
(e) Summation of each parameter set which generates the minimum normalization error.
4. Literature review on applications of linear and nonlinear
forms of isotherm models
An accuracy of an isotherm model is generally a function of
the number of independent parameters, while its popularity in
relation to the process application is an indicative of its mathematical simplicity [37]. Undoubtedly, linear regression analysis
has frequently been employed in accessing the quality of ﬁts and
adsorption performance [44], primarily owing to its wide usefulness in a variety of adsorption data [91] and partly reﬂecting the
appealing simplicity of its equations [92]. However, during the last
few years, a development interest in the utilization of nonlinear
optimization modeling has been noted [65]. A number of researches
have been advocated to investigate the applicability of linear or
nonlinear isotherm models in describing the adsorption of dyes,
heavy metals and organic pollutants onto activated carbons, zeolites, chitosans, bentonites, montmorillonites, kaolinites and a list
of low-cost adsorbents (Table 3).
In 1984, Harter [103] had ﬁrstly examined Langmuir isotherm
model in an ions adsorption system (adsorption of ion phosphate, zinc, and copper by soil). Without sufﬁcient ranges of
adsorbate concentration, he emphasized that the estimation of
maximum adsorption capacity could be quite misleading (in error
by 50% or more), reducing the variability of its linearity. In 1988,
Persoff and Thomas [104] had proposed the use of nonlinear
least-squares (NLLS) curve-ﬁtting method for determination of the
Michaelis–Menten and Langmuir adsorption isotherm constants
(from the experimental data). From the application, they concluded
that weighted NLLS yielded a more precise and accurate estimation.
More recently, similar observations have been reported by several
researchers [24,63,78,79,96,101]. The authors suggested that the
linearized equations apparently generate real problems and errors
arising from the complexities and complications for simultaneous
transformation of data, leading to the violation of theories behind
the isotherms.
In certain cases, it has been illustrated that a different axis setting (different linearized models) would alter the regression results,
inﬂuencing its consistency and accuracy [97]. Such tendency (more
statistical functions are valid for nonlinear than linear analysis)
could be directly proportional to the distortion of the experimental
errors, creating an inherent errors estimation problem which limits the validity of the studied tools [35]. Moreover, linear analysis
method assumes that the scatter vertical points around the line follows a Gaussian distribution, and the error distribution is uniform at
every value of the liquid-phase residual concentration (X-axis) [89].
Nonetheless, such behavior is practically impossible with the equilibrium relationships (since isotherm models had nonlinear shape),
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Table 3
Previous researches of the linear and nonlinear isotherm studies.
Adsorbent

Adsorbate

Isotherm models

Determination

Preference
types

Reference

Wheat bran
Babasse ﬂy ash

Cadmium ions
Orange-G dyeMethyl Violet dye

R2
R2

Nonlinear
Nonlinear

[15]
[19]

Peat

Divalent metal ions

R2 , ERRSQ, ARE, HYBRID,
MPSD, SAE, SNE

Both

[23]

Water hyacinth
Rice husk

Methylene blue dye
Safranin

R2
R2

Nonlinear
Nonlinear

[24]
[30]

Fibrous biomass

Direct Solophenyl Brown dye

[35]

Arsenic

Both

[44]

Montmorillonite, kaolinite
Yeast biomass

Heavy metals
Ochratoxin A

Both
Nonlinear

[55]
[63]

Activated carbon

Malachite green dye

ARED, EABS, MPSD,
HYBRID, R2 , RESID
SAE, ARE, HYBRID, MPSD,
EABS
R2
R2 , EABS, HYBRID, ARE,
SAE, MPSD
R2

Nonlinear

Iron oxide-coated cement

Nonlinear

[76]

Activated carbon

Tetrahydrothiophene

Freundlich, Langmuir
Freundlich, Langmuir,
Redlich–Peterson, Temkin,
Dubnin–Radushkevich, Elovich
Freundlich, Langmuir,
Redlich–Peterson, Temkin,
Dubnin–Radushkevich, Toth
Freundlich, Langmuir
Freundlich, Langmuir,
Redlich–Peterson
Langmuir, Redlich–Peterson, Temkin,
Dubnin–Radushkevich, Elovich
Freundlich, Langmuir,
Redlich–Peterson, Temkin
Freundlich, Langmuir
Freundlich, Langmuir, BET,
Redlich–Peterson
Freundlich, Langmuir,
Redlich–Peterson
Langmuir

Nonlinear

[78]

Activated carbon

Methylene blue

Nonlinear

[79]

Activated carbon

Malachite green dye

Nonlinear

[80]

Rice husk ash

Brilliant green dye

SSE, SAE, ARE, HYBRID,
MPSD

Both

[81]

Chitosan

Lead

Nonlinear

[83]

Zeolite
Activated carbon

Ammonium
Basic dyes

ERRSQ, ARE, HYBRID,
MPSD, EABS
R2
R2

Nonlinear
Nonlinear

[88]
[89]

Activated carbon

Basic red 9

Nonlinear

[90]

Alumina cement granules

Fluoride

Both

[92]

Eucalyptus bark
Zeolite

Cadmium ions
Methylene blue

Nonlinear
Both

[93]
[94]

Bagasse ﬂy ash

Brilliant green dye

SSE, SAE, ARE, HYBRID,
MPSD

Both

[95]

Activated carbon

Basic blue 9 dye

R2 , ERRSQ, 2

Nonlinear

[96]

Sugarcane dust

Basic dyes

Nonlinear

[97]

Fly ash
Rice husk

Dyes
Bismarck brown dye

R2
2
R2
R2

Nonlinear
Nonlinear

[98]
[99]

Bentonite
Ca-alginate beads
Mansonia wood sawdust

Strontium
Zinc (II) ions
Methyl violet

RMSE
R2
R2

Nonlinear
Nonlinear
Both

[100]
[101]
[102]

Freundlich, Langmuir,
Redlich–Peterson
Freundlich, Langmuir,
Redlich–Peterson
Freundlich, Langmuir,
Redlich–Peterson, Temkin,
Dubnin–Radushkevich
Freundlich, Langmuir,
Redlich–Peterson
Freundlich, Langmuir
Freundlich, Langmuir,
Redlich–Peterson
Freundlich, Langmuir,
Redlich–Peterson
Freundlich, Langmuir,
Dubnin–Radushkevich
Freundlich, Langmuir
Freundlich, Koble–Corrigan, Langmuir,
Redlich–Peterson, Temkin
Freundlich, Langmuir,
Redlich–Peterson, Temkin,
Dubnin–Radushkevich
Freundlich, Langmuir,
Redlich–Peterson
Freundlich, Langmuir,
Redlich–Peterson
Freundlich, Langmuir
Freundlich, Langmuir,
Redlich–Peterson
Freundlich, Langmuir
Freundlich, Langmuir
Freundlich, Langmuir,
Redlich–Peterson

as the error distribution tends to get altered after transforming into
a linearized order [26].
In another study, linearization isotherms models (Langmuir and
Freundlich isotherm models) have been demonstrated inappropriate in predicting the goodness of ﬁt for a particular set of conditions
[95], and unable for providing a fundamental understanding of the
ions adsorption systems, resulting in an improper conclusion. On
the contrary, the nonlinear isotherm models are conducted on the
same abscissa and ordinate, thus avoiding such drawbacks of linearization [92]. Nevertheless, a few researchers [23,44,94,95,102]
also indicated the similarities and consistency of both linear and
nonlinear isotherms, lying into the same error distributions and
structures. Under such conditions, it would be more rational and
reliable to interpret adsorption data through a process of linear
and nonlinear regression [92]. Irrespective of its technique (either
the linear or the nonlinear method), the availability and usefulness

R2 , rs , EABS, RSS, ARE, sRE ,
HYBRID
R2 , ERRSQ, ARE, HYBRID,
MPSD, EABS
R2

R2 , EABS HYBRID, ARE,
SAE, MPSD
R2 , SNE, EABS HYBRID,
ARE, SAE, MPSD
R2
SAE, ARE, ARS, EABS

of the equilibrium data should be sufﬁcient enough to effectively
represent an efﬁcient and complete isotherm model [76].
5. Conclusion
The past 10 years has seen a developing interest in the preparation of low-cost adsorbents as alternatives to activated carbons
in water and wastewater treatment processes. To date, limited
success of adsorbents in the ﬁeld applications has raised apprehensions over the use of adsorption capacity (generated from
equilibrium data) as a measure of their effectiveness in drinking water treatment. Over the past few decades, linear regression
has been developed as a major option in designing the adsorption
systems. However, recent investigations have indicated the growing discrepancy (between the predictions and experimental data)
and disability of the model, propagating towards a different out-
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come. Despite this obvious inherent bias of the model, linearization
remains a conﬁdent option in the literature, applied in over 95%
of the liquid-phase adsorption systems. Hence, the next real challenge in the adsorption ﬁeld is the identiﬁcation and clariﬁcation
of both isotherm models in various adsorption systems. Further
explorations on developing in this area are recommended.
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